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Last week, I explained the hypergeometric distribution and how to use online hypergeometric calculators for Magic purposes. With these tools, it’s easy to analyze the consistency of your deck, how many copies of a certain card you should play, or how often your Collected Company will hit.
But to apply the hypergeometric distribution, it is essential that your deck can be classified into two mutually exclusive categories. In a Magic context, it could be creature/noncreature for the purpose of Collected Company, or land/nonland for the purpose of analyzing mana bases.
But if you are interested in more complicated questions that require you to model your deck as a set of three or more types of cards, then the “basic” hypergeometric distribution does not apply anymore. For instance, if you want to know the probability of getting an opening hand with two Soul Spike and four Chancellor of the Dross, you need to divide your deck in three categories: Soul Spikes, Chancellors, and other cards. For those cases, you need the multivariate hypergeometric distribution.
Using an Online Multivariate Hypergeometric Calculator
I wasn’t even aware that an online tool existed until two readers pointed it out to me last week. Thanks to you both! I had always used spreadsheets or custom pieces of code to run the multivariate calculations myself, but it’s much easier to just plug a few numbers into an online tool, and I’m happy to share the discovery with you.
«There's one already available on the web, intended specifically for MTG: https://deckulator.appspot.com/»
Comment by u/mudanhonnyaku from discussion An Introduction to the HyperGeometric Distribution for Magic Players- By Frank Karsten in magicTCG
The one that both readers linked, made by Michael B. Moore, can be found here. It’s intuitive to use, and it worked perfectly for me. Here is how you can calculate the percentage probability that a certain combination of cards will occur in the top of your deck.
[image: http://web.archive.org/web/20230608114223im_/https://strategy.channelfireball.com/wp-content/uploads/2018/12/Multivariate-hypergeometric-tool-768x499.png]
You have to click the “Add a card type” button twice for this specific example. It’s important to fill the final row with 48 other cards as well so that the calculator knows the total number of cards in the deck. I filled in the card names for clarity, but you don’t actually have to spell any card names to get the numbers.
[image: https://cards.scryfall.io/large/front/5/e/5eedb94c-058e-4c3a-96cf-e6624c03d26e.jpg?1562914225] [image: https://cards.scryfall.io/large/front/4/4/4499c80b-72af-485c-9106-22967b5252cd.jpg?1562908867] [image: ]
What the above calculation reveals is that if you play a 60-card Eldrazi Tron deck in Modern without any card selection, then you would draw at least one copy of each Urza land in your top 10 cards in 12.6% of the games. So barring mulligans, you’ll have access to 7 mana on turn 3 on the draw approximately once per 8 games on average.

The Underlying Math
Without this online tool, the formula to get this percentage probability for Eldrazi Tron would be
[image: ]
$latex \sum_{M=1}^4 \sum_{P=1}^4 \sum_{T=1}^{ \min(4,10-M-P) } \frac{ \binom{4}{M} \binom{4}{P} \binom{4}{T} \binom{48}{10-M-P-T} }{ \binom{60}{10} } = 12.6\%.$
Running these numbers or even understanding this formula requires some proficiency with spreadsheets, a programming language, and/or mathematical notation. If you don’t care about any of these aspects, then feel free to skip right ahead to the “Examples for deck building” section below. But if you do want to learn more about the underlying calculations, or how to run some numbers that the Deck-u-lator tool is not immediately capable of, then let me explain.
Let’s start with a fundamental building block: the binomial coefficient. Using standard factorial notation, the number of ways to choose an (unordered) subset of n cards from a given library comprised of N cards is given by:
[image: ]
$latex \binom{N}{n} = \frac{N!}{n!(N-n)!}.$
In both Excel and Google sheets, you would use =COMBIN(N,n), replacing N and n by their respective numbers or cells. For example, for N=4 and n=2, the resulting binomial coefficient is 6. Indeed, there are 6 ways to choose 2 cards from a library consisting of 4 different cards labeled A, B, C, and D: you have {A, B}, {A, C}, {A, D}, {B, C}, {B, D}, and {C, D}.
To intuitively understand the general formula for the binomial coefficient, let’s stick with this 
4-card library example and draw two cards. For the first card, there are 4 different options. Then, given any of those 4 options, there are 3 possibilities for the second draw. That gives 4 * 3 possible sequences in total, which is exactly what’s captured in the N! / (N-n)! part of the formula. But under this way of counting, drawing A first and B second is a distinct possibility from drawing B first and A second. Since we don’t actually care about the order in which we select cards (as is clear when you think of drawing your opening hand), we have to remove the duplicates. Since a set like {A, B} contains two elements, there are 2! ways to order it. This is true for all of those sets, which is precisely why we divide by n! in the formula. And there you have it—the binomial coefficient. Hurrah for combinatorics.
Now let’s use the binomial coefficients to determine some probabilities. Suppose we draft a deck with 16 lands (eight Forest and eight Plains) and 24 spells cards (18 creatures and 6 sorceries). Then the probability of drawing 3 lands and 4 spells in our opening hand is given by the hypergeometric probability:
[image: ]
$latex \frac{ \binom{16}{3} \binom{24}{4} }{ \binom{40}{7} } = 31.9\%. $
The denominator is the count of all possible draws, i.e., the number of ways to choose an (unordered) subset of 7 cards from a 40-card library. The numerator is then the count of all possible draws that we classify as a success, which we determine by multiplying the number of ways to choose an (unordered) subset of 3 lands from a fixed set of 16 by the number of ways to choose an (unordered) subset of 4 spells from a fixed set of 24.
The logic underlying this calculation can be extended. Suppose we tighten our classification of success by requiring specifically two Forest, one Plains, and four spells. This moves us into multivariate hypergeometric territory, but the probability of this event can be determined by simply splitting the first binomial coefficient in two:
[image: ]
$latex \frac{ \binom{8}{2} \binom{8}{1} \binom{24}{4} }{ \binom{40}{7} } = 12.8\%. $
Continuing along the same lines with our eight Forest, eight Plains, 18 creature, 6 sorcery deck, the probability of drawing two Forest, one Plains, three creatures, and one sorcery is given by:
[image: ]
$latex \frac{ \binom{8}{2} \binom{8}{1} \binom{18}{3} \binom{6}{1} }{ \binom{40}{7} } = 5.9\%. $
To define the multivariate hypergeometric distribution in general, suppose you have a deck of size N containing c different types of cards. Specifically, there are K_1 cards of type 1, K_2 cards of type 2, and so on, up to K_c cards of type c.  (The hypergeometric distribution is simply a special case with c=2 types of cards.) Given this deck, if we draw n cards without replacement, then the probability to draw exactly k_1 cards of type 1, k_2 cards of type 2, and so on, up to k_c cards of type c is given by:
[image: ]
$latex \frac{ \binom{K_1}{k_1} \binom{K_2}{k_2} \ldots \binom{K_c}{k_c} }{ \binom{N}{n} }.$
This formula represents the probability of drawing a certain, exact combination of cards. Yet often, we are happy as long as we draw at least a certain combination of cards, without caring about the contents of the other draws. For example, we might be interested in the probability of drawing at least two Forest, least one Plains, and at least three creatures in our 7-card opening hand, with no restrictions on the seventh card. To determine the probability of drawing at least this combination, we would have to sum all possibilities for the seventh card:
[image: ]
$latex \frac{ \binom{8}{3} \binom{8}{1} \binom{18}{3} \binom{6}{0} }{ \binom{40}{7} } + \frac{ \binom{8}{2} \binom{8}{2} \binom{18}{3} \binom{6}{0} }{ \binom{40}{7} } + \frac{ \binom{8}{2} \binom{8}{1} \binom{18}{4} \binom{6}{0} }{ \binom{40}{7} } + \frac{ \binom{8}{2} \binom{8}{1} \binom{18}{3} \binom{6}{1} }{ \binom{40}{7} }= 15.0\%. $
This is also essentially what’s going on with the Urza land formula that started this section, albeit with a more complicated, symbolic summation:
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$latex \sum_{M=1}^4 \sum_{P=1}^4 \sum_{T=1}^{ \min(4,10-M-P)} \frac{ \binom{4}{M} \binom{4}{P} \binom{4}{T} \binom{48}{10-M-P-T} }{ \binom{60}{10} } = 12.6\%.$
For interpretation, the number of Urza’s Mines, M, ranges from 1 to 4, and the number of Urza’s Power Plants, P, ranges from 1 to 4 as well. The number of Urza’s Towers, T, also ranges from 1 to 4 if possible, but we have to keep in mind that we cannot draw, say, four Mines, four Power Plants, and four Towers in 10 cards. Given M and P, the maximum number of Urza’s Towers we can draw is 10-M–P, which is reflected in T’s upper bound of summation. For any (M, P, T)-combination in this range, the number of other cards drawn in the top 10 is given by 10-M–P–T. We determine the corresponding multivariate hypergeometric probability for each—there are 60 such (M, P, T)-combinations in this range—and add them all together.
Fortunately, the online Deck-u-lator tool does all of this automatically for us. In other words, its use of “number of cards you need” is interpreted as “how many cards you need at least”. By the way, this also means that Deck-u-lator can be used as a hypergeometric calculator as long as you’re only interested in the probability of drawing at least a certain number of cards. This is usually the case in Magic.


Examples for Deck Building
Now let’s put it all into practice. For each example, I will show the formula for the underlying calculation as well as how to input it into the Deck-u-lator. Naturally, both yield the same result.
Example 1: What is the probability of drawing four Chancellor of the Dross and two Soul Spike in your opening hand?
[image: ] [image: ] [image: ] 

[image: ] [image: https://cards.scryfall.io/large/front/4/b/4b14b97d-122b-453a-9e5f-129404f96440.jpg?1593275167] [image: https://cards.scryfall.io/large/front/4/b/4b14b97d-122b-453a-9e5f-129404f96440.jpg?1593275167]
Assuming a 60-card deck that plays four copies of each key card, we need to sum the probability of drawing four Chancellor of the Dross and three Soul Spike, and the probability of drawing four Chancellor of the Dross, two Soul Spike, and one other card:
[image: ]
[image: ]
$latex \frac{ \binom{4}{4} \binom{4}{2} \binom{52}{1} }{ \binom{60}{7} } + \frac{ \binom{4}{4} \binom{4}{3} \binom{52}{0} }{ \binom{60}{7} } = 0.000082\%.$
So you’ll draw the lucky 20 damage opening hand once per 1.2 million games on average. I wouldn’t bet on it.

Example 2: How many functionally identical combo pieces do you need to hit 
a 2-card combo with at least 60% consistency by turn 4 on the play?
[image: ] [image: ] 
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With 7 copies of each, you are only 53.7% to draw at least one copy of each combo piece in your top 10 cards, so that’s not enough. But with 8 copies of each we have:
[image: ]
[image: ]
$latex \sum_{A=1}^8 \sum_{B=1}^{ min(8,10-A) } \frac{ \binom{8}{A} \binom{8}{B} \binom{44}{10-A-B} }{ \binom{60}{10} } = 61.3\%.$
This underlines the value of having redundancy. To be fair, decks that can easily win without the combo (like Splinter Twin back when it was still legal) don’t necessarily need the highest levels of combo consistency, so they can easily shave a few combo pieces. For decks with no Plan B (such as Ad Nauseam), drawing the combo consistently is more essential.
In any case, most 2 card combo decks run several tutors or card selection spells to add consistency. Unfortunately, there is no easy way to incorporate, say, four Serum Visions into a multivariate calculation. You could get some good insight by supposing that you’d see two extra cards each game, so that you’d run the numbers with 12 cards drawn rather than 10, but that is only an approximation. If you want more precision, you could set up a detailed simulation, but that generally takes a lot of work.

Example 3: For Modern Bogles, what is the probability of drawing a hexproof creature, a land, and an Aura in your opening hand?
[image: ] [image: https://cards.scryfall.io/large/front/7/6/76960e65-e5c7-4414-b9a5-37d7b2ded4a0.jpg?1562788397] [image: ]
Assuming a 60-card deck with eight 1 mana hexproof creatures, 18 lands to cast them, and 19 Auras (not counting Daybreak Coronet, since that requires another Aura to be castable), the probability of drawing at least one of each type of card is given by:
[image: ]
[image: ]
$latex \sum_{B=1}^5 \sum_{L=1}^{6-B} \sum_{A=1}^{7-B-L} \frac{ \binom{8}{B} \binom{18}{L} \binom{19}{A} \binom{15}{7-B-L-A} }{ \binom{60}{7} } = 55.1\%.$
Since many hands without at least one copy of each of the three pieces necessitate a mulligan—there are some exceptions involving Kor Spiritdancer or Dryad Arbor, but they’re still not what you’re hoping for against removal-heavy decks—the deck has some consistency issues. Fortunately, a mulligan is a superb card selection tool, and it’s a Bogle player’s best friend.

Example 4: For Modern Dredge, when you dredge Stinkweed Imp, then what is the probability of milling at least one Prized Amalgam along with at least one creature to trigger it?
[image: ] [image: ] [image: ]
Let’s use the same approach as I described and defended for the hypergeometric distribution 
last week. Set aside one Stinkweed Imp from the deck, blindly exile any number of cards from the top of your deck (representing your opening hand and any number of draw steps), then dredge 5. The probability of interest is the same as when we dredge 5 with a 59-card deck containing four Prized Amalgams, eight creatures that can return it, and 47 other cards:
[image: ]
[image: ]
$latex \sum_{P=1}^4 \sum_{C=1}^{5-P} \frac{ \binom{4}{P} \binom{8}{C} \binom{47}{5-P-C} }{ \binom{59}{5} } = 14.2\%.$
So the dream will happen only about once per 7 times on average. But you have to keep the faith in your heart. As a wise philosopher once said, “if you let your dreams come true, then happiness will follow you.”

Example 5: For Modern Storm, what is the probability of drawing a mana reduction Wizard, a Gifts Ungiven, and at least three lands in your top 12 cards?
[image: ] [image: ]
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Assuming a 60-card deck with six Wizards, four Gifts Ungiven, 17 lands, and 33 other cards, the probability of drawing at least three lands, at least one Wizard, and at least one Gifts is given by:
[image: ]
[image: ]
$latex \sum_{L=3}^{10} \sum_{W=1}^{ min(6, 11-L) } \sum_{G=1}^{ min(4, 12-L-W) } \frac{ \binom{6}{P} \binom{4}{G} \binom{17}{L} \binom{33}{12-W-G-L} }{ \binom{60}{12} } = 29.4\%.$
While this is only a rough approximation of consistency, you can reasonably expect to see as many as 12 cards by turn 3 on the play in a deck filled with Serum Visions, Opt, and Manamorphose, so this calculation at least comes close to estimating the probability of, barring mulligans, going turn 2 Wizard, turn 3 Gifts.
Admittedly, it’s an overestimation since you won’t have the card selection spell every game and because Serum Visions is not actually Ancestral Recall. Another issue is that if you draw your first Wizard as your very last card, then you can’t deploy it in time to ramp into a turn 3 Gifts. Given the difficulty of enumerating the enormous set of possibilities, incorporating both aspects analytically would be close to intractable. But under the realization that 29.4% is an overestimation, saying that you can go turn 2 Wizard, turn 3 Gifts Ungiven about once per 4 games on average would be a realistic ballpark estimate.

Example 6: What is the probability of having both of my colors in my opening hand in a 9-8 mana base in Limited?
[image: https://cards.scryfall.io/large/front/a/3/a37c667a-f035-49b2-9f34-9831e186ae82.jpg?1562928052] [image: ]
Barring mulligans, the probability is given by:
[image: ]
[image: ]
$latex \sum_{P=1}^{6} \sum_{M=1}^{7-P} \frac{ \binom{9}{P} \binom{8}{M} \binom{23}{7-P-M} }{ \binom{40}{7} } = 69.2\%.$
Although the probability of having both of your colors increases to 87.3% by turn 4 on the play, the probability of seeing both colors in your opening hand is not as consistent: You’re missing at least one color 30.8% of the time. Especially since a large amount of these hands would result in a mulligan, that’s an issue. This is why I like to run Boros Guildgate even in 2-color decks.
It’s worth noting that if your opening hand contains only 0 or 1 lands in total, then you obviously don’t have both colors. In such cases, which are encompassed in the 30.8% figure, the problem is not the construction of the colored mana base—it’s just bad luck. In my article on how many colored mana sources you need to consistently cast your spells, I do take this into account by instead presenting the probability of hitting your color conditional on drawing at least a certain number of lands.


Example 7: For Standard Golgari Midrange, barring mulligans, what is the probability of drawing 1GG mana from your lands on turn 3 on the play?
[image: ] [image: ][image: ] [image: ]
This problem is more difficult than the preceding ones because there are multiple overlapping ways to generate at least 1GG, and when you have multiple alternatives that might occur together, probabilities get tricky. When events A and B are not independent, then the probability that A or B occurs is equal to the probability that A occurs plus the probability that B occurs minus the probability that both occur.
Let’s apply this to the question at hand. A typical Golgari Midrange deck might contain 16 green-producing lands and eight other lands. Let’s model this as 16 Forest and 8 Swamp. Now, to have the right mana for casting Jadelight Ranger on-curve, one possibility is to draw at least three Forest. Another is to draw at least two Forest and at least one Swamp. Yet, there is overlap between these sets.
Using the rule I described above, you can use Deck-u-lator by determining the probabilities of the alternatives separately and then subtracting the probability that they happen together. So that’s 55.0% (the chance to get two Forest and one Swamp in the first nine cards) plus 44.9% (the chance to get three Forest in the first nine cards) minus 30.7% (the chance to get three Forest and one Swamp in the first nine cards). The final answer is 69.2%.
Alternatively, you can express it as:
[image: ]
$latex \sum_{F=2}^{9} \sum_{ S=max(0,3-F) }^{9-F} \frac{ \binom{16}{F} \binom{8}{S} \binom{36}{9-F-S} }{ \binom{60}{9} } = 69.2\%.$


Example 8: What if we also have four Llanowar Elves that are good on turn 1 or 2 but don’t contribute towards producing 1GG when we draw one on turn 3?
[image: ]
What is this, an exam on probability theory? You’re just trying to see an equation that explodes the page, right?
Well, using the same Golgari Midrange deck as before with four Llanowar Elves tossed in, we could already have 1GG between lands and Elves in your first eight cards, or we could have only GG in our first eight cards and then draw any land, or we could have only GB in our first eight cards and then draw a Forest. Using a spreadsheet or program, we have to distinguish between all these possibilities and add up their respective probabilities:
[image: ]
$latex \sum_{F=1}^{8} \sum_{ L=max(0,2-F) }^{ min(4,8-F) } \sum_{ S=max(0,3-F-L) }^{8-F-L} \frac{ \binom{16}{F} \binom{8}{S} \binom{4}{L} \binom{32}{8-F-S-L} }{ \binom{60}{8} } + \sum_{F=1}^{2} \frac{ \binom{16}{F} \binom{8}{0} \binom{4}{2-F} \binom{32}{6} }{ \binom{60}{8} } \frac{24}{52} + \frac{ \binom{16}{1} \binom{8}{1} \binom{4}{0} \binom{32}{6 } }{ \binom{60}{8} } \frac{16}{52} = 78.5\%.$
As expected, Llanowar Elves increase our mana consistency.


Example 9: What is the probability of drawing at least one Madcap Experiment, at least four lands, and no more than one of your two Platinum Emperion in your top 11 cards?
[image: ] [image: ]
This is another one of those calculations that is not easy to do via the Deck-u-lator since you need to not draw a certain set of cards. But assuming a 60-card deck with 4 Madcap Experiment, 25 lands, 2 Platinum Emperion, and 29 other cards, the probability is given by:
[image: ]
$latex \sum_{M=1}^4 \sum_{P=0}^1 \sum_{L=4}^{11-M-P} \frac{ \binom{4}{M} \binom{2}{P} \binom{25}{L} \binom{29}{11-M-P-L} }{ \binom{60}{11} } = 39.7\%.$
If you had been playing three Platinum Emperion, then the probability of drawing no more than two while drawing Madcap Experiment and four lands in the top 11 would be 40.4%, which is only a small increase.
Yet the second copy is worth it: If you had been playing only one Platinum Emperion, then the probability of drawing none while drawing Madcap Experiment and four lands in the top 11 would be only 34.4%.


Example 10: For Modern Burn, what is the probability of drawing no more than two creatures, exactly two or three lands, and at least five burn spells in your top 10 cards?
[image: ] [image: ] [image: ]
This is another one of those calculations that is not easy to do via the Deck-u-lator since you need to not draw a certain set of cards while drawing a specific range of copies for another type of card. These differ from the “I need at least this combination” calculation that the tool is set up to do. But a spreadsheet or program will give the answer fairly easily.
Assuming a 60-card deck with 12 creatures, 20 lands, and 28 burn spells, the probability of drawing no more than two creatures, exactly two or three lands, and at least five burn spells in your top 10 cards is given by:
[image: ]
$latex \sum_{C=0}^{2} \sum_{L=2}^3 \sum_{B=5}^{10-C-L} \frac{ \binom{12}{C} \binom{20}{L} \binom{28}{B} }{ \binom{60}{10} } = 17.3\%.$
Note that if we had cut a land for another creature, then this probability would sink to 16.0%. 
So does that mean that we should be running 20 rather than 19 lands in Burn? Well, it may be a nudge in that direction, but deck building is far more complex than just maximizing the probability of the dream draw, and there are many ways to define the dream draw for Burn.
But in any case, with the multivariate hypergeometric distribution at your fingertips, you can now analyze the consistency of your deck and build an optimal version according to your own criteria. Thanks for reading, and see you again for more math-related fun in 2019!
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cards.




image28.png




image29.jpeg
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at the beginning of the next end step.

“Ludevic’s laboratory is a veritable wonderland.
I have never felt so inspired.”
Stitcher Geralf
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Flying
‘When Narcomoebais put into your
graveyard from your library, you may
put it into play.

| It was created by the Iquati as a living

\ memory—one that objects to being forgotten.
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have need card

4 1 Prized Amalgam
8 1 Bloodghast / Narcomoeba
47 0 Other cards

How many cards will you draw? 5
Calculate the chances

You have a 14.2% chance to get your combination in the first 5
cards.
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Instant and sorcery spells you cast cost
1 less to cast.

y
counters a spell, you may draw a card.
If you do, discard a card.
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Search your library for four cards
‘4 with different names and reveal
them. Target opponent chooses two
| of those cards. Put the chosen cards
into your grave
i ur hand. Then shuffle your
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can be accessed by traditional roads.
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have need card

6 1 Baral / Electromancer
4 1 Gifts Ungiven

17 3 Lands

33 0 Other cards

How many cards will you draw? 12
Calculate the chances

You have a 29.4% chance to get your combination in the first 12
cards.
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have need card

9 1 Plains
8 1 Mountain
23 0 Spells

How many cards will you draw? 7
Calculate the chances

You have a 69.2% chance to get your combination in the first 7
cards.
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4 until you reveal an artifact card. Put that
card onto the battlefield and the rest on
the bottom of your library in a random
order. Madcap Experiment deals
damage to you equal to the number of

jl cards revealed this way.
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(Sorcery — Arcane

Lava Spike deals 3 damage to target
player.

Some kami attacks during the war were
rife with trickery, subterfuge, and subtlety,
draining hope and pride from the mortal
world. Other attacks were a lot more
straightforward.

Ze-Mark Tedin
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